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A principal (e.g., the US government) contracts with a researcher with
unknown costs (e.g., a vaccine developer) to conduct a costly experi-
ment. This contracting problem has a novel feature that captures the
difference between the form of an experiment and the strength of its
results: researchers face a problem of information design rather than
optimal effort. Using a novel comparative static for Bayesian persua-
sion settings, I characterize the optimal contract and show how exper-
imentation is distorted by the need to screen researchers. Moreover, I
show that there is no loss from contracting on the experiment’s result
rather than the experiment itself.

I. Introduction

Many contractual relationships focus on the procurement of informa-
tion. For instance, a government may subsidize a pharmaceutical firm’s
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tests of a novel vaccine’s efficacy, or a firm contemplating litigation may
hire outside legal counsel to investigate the opposing party’s liability and
gather evidence for a potential trial. In such settings, the agent that con-
ducts research is likely to be better informed about their costs of infor-
mation acquisition than the principal who hires them. Consequently,
the principal faces a screening problem when designing a contract.

This contracting problem is the focus of this paper. It has an important
difference from those classically considered in the context of procure-
ment (e.g., Baron and Myerson 1982; Laffont and Tirole 1986): instead
of a monopolistic firm that chooses among effort or output levels, the
agent with unknown cost is a researcher that chooses among experiments,
or signals about the state of the world. It must decide not only how much
information to gather but also how to gather it: the pharmaceutical firm
must choose not only the size of its clinical trial but also the trial’s control
group (e.g., active or placebo) and primary endpoint (e.g., infection or
severe disease); the attorney serving as outside counsel must choose
not only the number of hours to devote to her investigation but also
the witnesses she will question and the documents she will seek. Hence,
when the principal decides which of these choices it wishes to induce, itis
confronted with an information design problem: rather than a determin-
istic level of precision, it must select a distribution of posterior beliefs.

Moreover, the stochastic nature of experimentation may limit the prin-
cipal’s tools for incentivizing the researcher. Specifically, the principal
may be unable to discriminate between experiments ex post when they
differ only in their counterfactual outcomes, forcing it to contract on
the experiment’s result rather than its design.' For example, an attorney
might conclude her investigation after retrieving just a few documents if
they reveal grossly negligent conduct. The results of her investigation
would then present the client—and the court, if the client opts to liti-
gate—with strong evidence of liability. But they would not reveal how
the attorney would have continued her investigation if the documents
had failed to yield any relevant information. As a consequence, any reward
for the attorney cannot depend on this counterfactual portion of her
methodology.?

My analysis proceeds in a model with two states of the world. The prin-
cipal seeks information about which of these is true either to improve its

! Rappoport and Somma (2017) also make this observation—and provide additional ex-
amples—in an environment without private information about cost.

* For a more abstract example, suppose that a researcher experiments by publicly ob-
serving a Wiener process whose drift depends on the binary state of the world, as in Wald
(1945). The principal may see that the researcher has stopped experimenting after observ-
ing enough evidence in favor of state 1 to increase the probability that their beliefs place
on its occurrence to p. But this observation does not tell the principal the posterior 2 at
which the researcher would have ceased experimentation had she instead observed evi-
dence against state 1.
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own decisions or to persuade a separate decision maker. To this end, it
can contract with the researcher, who can conduct any experiment about
the state. These experiments are costly for the researcher, and her mar-
ginal cost of a more informative experiment (in the sense of Blackwell
1953) depends on her type, which is drawn from a finite set and is private
information.

The researcher’s experiment produces hard information: its outcome can-
not be falsified or concealed by the researcher. This is a key feature of many
applications: US law requires that pharmaceutical firms register their clini-
cal trials and report their results in a publicly available database;” rules of
professional conduct require attorneys to provide their clients with the in-
formation necessary to make informed decisions, such as whether to lit-
igate;* and if a case proceeds to litigation, an attorney is obligated to dis-
close evidence in their possession as part of the pretrial discovery process.’
However, it also rules out some settings: for example, when they can selec-
tively report their findings (as described in, e.g., Simmons et al. 2011), ac-
ademic researchers do not produce hard information.’

* See 42 U.S.C. §282(j).

4 See rule 1.4 in the American Bar Association’s Model Code of Professional Conduct or,
e.g., the State Bar of Georgia’s Rules of Professional Conduct.

> In US courts, the rules of discovery require a civil litigant to disclose relevant evidence to
the opposing party upon request and evidence that the litigant may rely on in court even
without a request. (See Federal Rule of Civil Procedure 26.) Further, attorneys are prohib-
ited from presenting false evidence to the court or concealing evidence from discovery. (See
rule 3.4 in the American Bar Association’s Model Code.) Hence, it seems reasonable to use a
model without falsification or concealment to capture the incentives involved in pretrial in-
formation acquisition: litigants are obligated to truthfully disclose unfavorable evidence upon
request and are incentivized to present favorable evidence at trial (and thus also disclose it
in discovery). This argument is similar to Kamenica and Gentzkow’s (2011) in the context of
criminal prosecution. However, disclosure requirements are not quite as strong in civil litiga-
tion, and so the assumption of hard information may fit less precisely than Kamenica and
Gentzkow (2011) show it fits the prosecution setting. In particular, the US Constitution re-
quires prosecutors to turn over exculpatory evidence even without a specific request; see
Brady v. Maryland, 373 U.S. 83 (1963). Further, while an attorney’s opinion work product
(e.g., notes, reports) is protected from disclosure in both civil and criminal cases, including
Brady disclosure (Gershman 2006), civil courts at the federal level and in most states also pro-
tect other trial preparation materials (e.g., witness statements) that would be subject to dis-
closure under the Brady rule; see, e.g., Federal Rule of Civil Procedure 26(b) (3). However,
this protection “does not protect the litigant from supplying her adversary with the underly-
ing or harmful facts” (Thornburg 1991, 1528); see Thornburg (1991) for further discussion.

® More generally, the assumption of hard information rules out three broad classes of
applications where information is acquired privately. First, it excludes cheap talk settings,
where the researcher’s result is not verifiable. Second, it excludes applications with selective
disclosure, such as academic research, where the results of the researcher’s experiment can
be fully or partially concealed but not falsified. Finally, it excludes applications where the
experiment’s outcome is verifiable but its meaning depends on the researcher’s hidden
action, e.g., the design of a proprietary model to assess credit risk. This contrasts with sev-
eral papers from the literature on contracting for information that consider settings where
the researcher’s result is unverifiable (Szalay 2005; Zermeno 2011; Carroll 2019; Héafner
and Taylor 2019), can be selectively disclosed (Che and Kartik 2009), or has hidden mean-
ing (Chade and Kovrijnykh 2016; Angelucci 2017; Bizzotto et al. 2020).
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When the experiment itself is contractible, theorem 1 shows that the
optimal contract has two properties specific to the context of information
procurement. First, it induces Blackwell-monotone behavior by the var-
ious researcher types: lower-cost researchers conduct experiments that
not only cost them more than those conducted by higher-cost researchers
would but also are more informative in the Blackwell (1953) sense. Sec-
ond, because there are two states of the world, each experiment that the
contract induces has two possible outcomes.

Theorem 2 compares this contract with the one that would be offered
in the absence of private information about cost. The familiar effects of
hidden information—no distortion at the top and distortion elsewhere—
are present but occur in a manner specific to the experimentation con-
text. In particular, the distortion that affects all but the lowest-cost
researcher’s experiment takes the form of garbling: not only are these ex-
periments less costly for the researcher and less valuable to the principal,
they are less useful to any decision maker who might rely on their results.

Contracting on the result of the researcher’s experiment instead—
thatis, based on the posterior belief that the experiment induces — elim-
inates degrees of freedom from the problem of contract design. To see
why, suppose that we want a lower-cost researcher’s experiment to either
increase our belief that the state of the world is 1 (rather than 0) to p or
decrease it to P, and we want a higher-cost researcher to conduct an ex-
periment with possible results §' and 2. The rewards we specify for these
four results pin down the expected reward for the experiments we want
the higher- and lower-cost researchers to conduct. However, they also
specify the expected reward for conducting an experiment that shifts
our beliefs to either £ or ' as well as one that yields a result of either /
or p. This introduces additional incentive compatibility conditions to the
screening problem.

Theorem 3 shows that these constraints are unimportant. Anything
that the principal might actually want the researcher to do, it can get
her to do by rewarding her on the basis of her results. In particular, sup-
pose that the principal wants the researcher to experiment the same way
she would when offered the optimal contract from theorem 1. It can in-
duce this behavior with a results-based contract—and at the same expected
cost as contracting on the experiment directly. In fact, this implemen-
tation result applies to any researcher behavior with the characteristics
(Blackwell monotonicity and binary outcome experiments) described in
theorem 1.7

” Note that theorem 3 differs from the implementation results introduced in concurrent
work by Rappoport and Somma (2017): the additional incentive compatibility conditions
that results-based contracting creates in the presence of private information about cost do
not appear in their symmetric information environment.
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The optimal results-based contract is described as follows. On each in-
terval between results (i.e., posterior beliefs) produced by the experiments
of two adjacent types, compensation is the sum of two parts. First, the re-
searcher is reimbursed for the portion of her costs that can be attributed
to her experiment’s realized outcome at the lesser of the rates that those
two types would incur them. Then, her transfer is adjusted by an affine
function of the result that is constructed so as to make the type with lower
costs indifferent between the two types’ experiments.

This construction can only successfully implement researcher behav-
ior that is Blackwell monotone. In fact, Blackwell monotonicity is neces-
sary for implementation with any results-based contract: theorem 4 shows
that if the behavior desired by the principal does not involve types with
lower costs conducting more informative experiments, then there is no
results-based contract that induces it.

The key insight behind theorems 1, 2, and 4 is a novel comparative statics
result that has implications beyond the setting of this paper. Proposition 1
shows that in a setting with two states of the world, if one information de-
sign problem is more concave than another in the additive sense—that s,
its objective differs by a concave function of the posterior—it will always
have a Blackwell-less informative solution. Consequently, since the prin-
cipal’s contracting problem is separable into type-specific information de-
sign problems, which are additively more concave for types with higher
costs, it will choose to induce behavior that is Blackwell monotone (the-
orem 1). Since those problems are additively more concave than the type-
specific problems it would face with symmetric information, it instructs
each researcher type to conduct a less informative experiment than it would
in the symmetric information case (theorem 2). Finally, since any results-
based contract will present higher-cost researcher types with additively more
concave information design problems, they must conduct less informative
experiments (theorem 4).

Related literature—Within the contracting literature, this paper joins a
number of others in which the agent’s function is to gather costly informa-
tion. These articles primarily consider environments without an informa-
tion asymmetry regarding the agent’s characteristics. Instead, most focus
on problems of moral hazard: the form of the agent’s experiment (Chade
and Kovrijnykh 2016; Angelucci 2017; Bizzotto et al. 2020) and, in many
cases, its outcome (Szalay 2005; Che and Kartik 2009; Zermeno 2011; Carroll
2019; Hafner and Taylor 2019) are at least partially unverifiable. Of these,
the closest to my paper is concurrent work by Rappoport and Somma
(2017). They analyze the problem of contracting on results in a setting
without researcher heterogeneity. Instead, their focus is on the impact of
risk aversion and limited liability.

Fewer papers consider contracts for research in a screening context.
The earliest among these is Osband (1989), which considers a model with
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both screening and moral hazard. I innovate upon his setting by explicitly
modeling experimentation and allowing experimenters to choose any ex-
periment possible in principle as opposed to simply choosing a precision
level. Closer to this paper is concurrent work by Min (2021), which consid-
ers a nontransferable utility setting with two researcher types that differ
in the set of experiments available to them. His focus is on the form of
the direct mechanism, whereas my paper is motivated in part by settings
where the experimentis not contractible, and so the direct mechanism is
unavailable. Also relevant is McClellan (2021), who considers dynamic in-
centives in the closely related Wald (1945) experimentation framework (see
Morris and Strack 2019); in his setting, the researcher may have private in-
formation about the state of the world rather than her costs.

The literature on screening problems with an imperfectly observable
choice variable is also related; Guesnerie et al. (1989) provides a summary.
With a one-dimensional choice variable, the equivalence of perfect and noisy
observation is known. With a multidimensional choice variable (such as an
experiment), the sufficient conditions in the literature are much more styl-
ized and do not accommodate the inability to observe an experiment’s coun-
terfactual results.

Finally, my setting is closely related to Bergemann et al. (2018), who con-
sider the problem of selling experiments. In a sense, their problem is the
reverse of mine: their researcher is a monopolist who screens the consum-
ers of her experiments according to their private information.® Thus, the
relationship between our papers is similar to the relationship between Mussa
and Rosen (1978) and Baron and Myerson (1982), in that the roles of prin-
cipal and agent are switched.

II. Environment

There is a state of the world w € {0, 1}; a researcher, who is capable of gath-
ering information about w and a principal, who contracts with the researcher
in order to profit from that information. Each agent places the same prior
probability p € (0, 1) on the eventw = 1.

A.  The Researcher

The researcher may investigate the state of the world w by choosing a
costly experiment 7 to undertake. This experiment produces hard infor-
mation: its outcome is verifiable and thus cannot be falsely reported by
the researcher. Instead, it must be truthfully revealed to the principal. I

% A key difference lies in the nature of this private information: in Bergemann et al.
(2018), consumers have private information about the state, whereas in my model, re-
searchers have private information about their costs.
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represent experiments as the distributions of posterior beliefs p they induce.’
Accordingly, I call an experiment’s realized posterior belief its result and
refer to results p < f as negative results and p > py as positive resulis. All ex-
periments possible in principle are available to the researcher, though their
costs may be prohibitive. As Kamenica and Gentzkow (2011) show, this
means the researcher chooses from the set of distributions 7 € A([0, 1])
that are Bayes plausible: E.p = pp."

The researcher’s cost of experimentation depends on how skilled she is
at investigating the state of the world."" Specifically, her investigative ability
is captured by her type 6 € ©® = {6, ...,0y} < (0,0), where 6, > - > 0.
Her type is private information; the principal’s beliefs about it are given
by the distribution F, which has full support on ©."” Smaller types (those
with larger subscripts) correspond to lower costs and hence denote higher
ability.

Furthermore, the cost of each experiment is posterior separable: that is,
itis the expected reduction in a measure of uncertainty, or concave function
of the posterior."® To simplify exposition, I also assume that costs are multi-
plicatively separable in type. Specifically, the cost C(7, ) to a type 6 researcher
of undertaking the experiment 7 is given by

C(1,0) = E[0c(p)]; c(p) = H(p) — H(p),

where H : [0, 1] = R is continuous and strictly concave and is differentiable
on (0, 1).

Because of Jensen’s inequality, the cost function’s form ensures that
more informative experiments (in the sense of Blackwell 1953) are more
costly to generate. That is, if 7 is a mean-preserving spread of 7, then
C(7,0) > C(7, ). Further, the difference in the costs of 7 and 7 is smaller

¢ This is without loss—the informational content of an experiment is fully characterized
by the distribution of posteriors it induces.

1 For a set S, let conv(S) denote its convex hull, and let A(S) denote the set of Borel
probability measures on S. For a function v, let Gr(v) = {(x,y)|y = v(x)} denote its graph.
For a Borel probability measure 7, let supp 7 denote its support.

' Alternatively, ability could enter the model by allowing higher-ability researchers ac-
cess to a larger set of experiments. This would make it unnecessary for the principal to
screen researchers by ability; instead, it could implement the first-best choice function
and capture all surplus by offering payment for each experiment equal to the researchers’
common cost of conducting it. Since costs are posterior separable, the results-based imple-
mentation problem would then become trivial.

'? This is without loss: types with a prior probability of zero can just be excluded from ©.

¥ In Gentzkow and Kamenica (2014), the authors alternatively assume that costs are
proportional to the expected reduction in a measure of uncertainty H for some agent with
prior py, which need not be equal to , so that the cost of an experiment does not depend
on the prior of the agent who views it. They then show that we can write researcher cost as
an expectation with respect to 7 of H(py) — H(p) for appropriate H. As long as H is itself
concave, their functional form assumption is equivalent to the one I make here, with the
addition of a fixed cost: in this case, one can simply take H for the measure of uncertainty.
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for better researchers (those with lower 0): C(7,6) — C(7,6") > C(7,0) —
C(r,0) for6 <9

The researcher is risk neutral: conducting the experiment 7 and re-
ceiving a transfer of ¢ from the principal yields a type 6 researcher a pay-
off of t — C(7,0).

B.  The Principal

When the researcher’s experiment induces the belief p, the principal ob-
tains indirect utility w(p), where w: [0, 1] — R is upper semicontinuous.
Hence, the value that the principal receives from the experiment 7 is given
by W(7) = E,[w(p) — w(f)]. The principal’s payoff is quasilinear in trans-
fers to the researcher: when he pays the researcher ¢ for the experiment 7,
he receives a payoff of W(r) — t.

C.  Contracting

The principal maximizes his expected payoff by making the researcher
a take-it-or-leave-it offer of one of two types of contracts.

When the experiment itself is contractible, the principal can offer a
methods-based contract consisting of a transfer function 7: X — R, where
X = {re€A([0,1]) : E.;p = po} is the set of all experiments. Under this type
of contract, when the researcher conducts experiment 7, she is paid 7(7).
The revelation and taxation principles ensure that this class of contracts is
equivalent to the class of direct revelation contracts (x: ® =X, t: ©® — R).
This makes it the most general among the classes of contracts I consider.

When the experiment’s result is contractible, the principal can offer a
results-based contract consisting of a transfer function ¥ : [0, 1] — R. Under
this type of contract, when the researcher produces p as the result of some
experiment, she is paid ¥(p).

A contract implements the experiment choice function x: 0 — X if a
type 0 researcher who accepts that contract gets a nonnegative expected
payoff from conducting the experiment x(0) that is at least as large as the
expected payoff she would get from conducting any other experiment.

D. Discussion

Instead of explicitly specifying how the principal benefits from the research-
er’s experiment, I take the principal’s indirect utility function over beliefs
as a primitive of the model. Depending on the setting, this indirect utility
function might represent the principal’s payoff from persuading a deci-
sion maker (as in Kamenica and Gentzkow 2011), his expected payoff from
optimally choosing an action, a noninstrumental payoft from information
(asin, e.g., Ely et al. 2015), or some combination of these.
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The literature on information costs shows that posterior-separable cost
functions arise from a wide variety of foundations. Examples of these in-
clude Shannon (1948) mutual information, Wald (1945) sequential sam-
pling (Morris and Strack 2019), constant marginal cost of experimentation
(Pomatto et al. 2020; Bloedel and Zhong 2021), or the instrumental value
of information (Frankel and Kamenica 2019). Some of these foundations
lead to infinite costs of certainty—that is, cost functions defined by mea-
sures of uncertainty that take extended real values—but are finite on the
interior of the space of beliefs. In the online appendix, I show that my
model can be extended to accommodate such cost functions without mean-
ingfully affecting my results.

The online appendix also considers an extension of the model that al-
lows the researcher to have an intrinsic motivation for experimentation.
This feature is natural in many applications: for instance, a pharmaceutical
firm may have an interest in the regulatory approval of their vaccine and
so may undertake clinical trials even in the absence of a subsidy. Adapting
aresult from Jullien (2000), I show that my results are unaffected by this
extension, so long as the principal asks each researcher type to conduct a
more costly experiment than the next highest cost type would conduct in
the absence of a subsidy.

Finally, note thatif the researcher has additional costs that are contract-
ible, we can include them in the model by assigning them to the princi-
pal. Then each type of contract considered becomes a cost-plus contract,
but as long as the researcher’s contractible costs are uninformative about
her type, the analysis is otherwise unchanged. On the other hand, if these
costs provide information about the researcher’s type, then as in Laffont
and Tirole (1986), the principal may be able to extract additional surplus
by tying payment to contractible costs in a manner other than simply reim-
bursing them in full.

III. Methods-Based Contracting

If methods are contractible, we can write the principal’s optimal (direct
revelation) contracting problem as

maxEy [ [w(p)] — (0)]
’ (1)
such that Egp = py Voeo,

1(8) — C(x(8),0) = 1(6) — C(x(0),6) V0,00,  (ICH)

1(8) — C(x(8),6) = 0 Voeo. (IRO)

Fairly standard arguments following Maskin and Riley (1984) imply that
the incentive constraints reduce to (IRf) for § = 6,, which binds; a set of
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binding upward incentive compatibility conditions between adjacent types;
and the monotonicity constraints Eyp, [c(p)] < Eyoylc(p)], i € {2,..., N}.1
Hence, the principal’s choice of x pins down ¢ as

1(0,) = 61 E[c(p)], (2)

i—1

10:) = 0:Exo)[e(p)] + 2(0; = O) Eggle(p)] Vi€ {2,.. . N}, (3)

=1
and we can rewrite the principal’s problem as

mxapr[Exm[w(P) — g(0)c(p)]]

(4)
such that E,pp = po Voeo,
Eg o[c(p)] < Eale(p)] Vie{2,..,N}, (5)

where the virtual type g(0) of a type 0 researcher is given by

F(6:11)
(6:)

letting fdenote the probability mass function for 2"

Neglecting the monotonicity constraints (5) for now, the principal’s
problem (4) is separable into a set of N problems—one for each type 6—
of the form

g(07) = 07 + (01 - 01'+1), 1€ {1, ,N - 1}, g(@M) = 01\” (6)

max{E v(p) such that E.p = p}. (7)

This is a fairly standard Bayesian persuasion or information design problem
(Kamenica and Gentzkow 2011; Kamenica 2019). This class of problems
consists of choosing a distribution to maximize the expectation of a value
Jfunction v, subject to a Bayes plausibility constraint.

When vis upper semicontinuous, Kamenica and Gentzkow (2011) show
that a solution to (7) exists whose support has no more elements than the
number of states of the world. This has two immediate implications for
methods-based contracting. First, when the monotonicity constraint (5) is
disregarded, the principal’s problem (4) has a solution x*. Second, that so-
lution involves binary outcome experiments: for each type 6, the experiment

" For a proof, see lemma 4 in the appendix.

» Observe that (6) implies that the type 6, researcher’s information rent is proportional
to the ratio F(0;+1)//(6;). This contrasts with, e.g., Maskin and Riley (1984), where a type 0
agent’s information rent is instead proportional to the inverse hazard rate (1 — F(9))//(6).
This is because better (i.e., lower-cost) types are smaller in my model, and so the probabil-
ity of a type that is better than 6, is 3.,/ (6,) = F(6,+,) rather than 1 — F(0,).
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x"(0) either gives one positive and one negative result or is totally
uninformative.

A novel comparative statics result tells us how the experiments X" (0)
that are part of this solution differ from one another. Say that a function
[is additively more concave than a function gif f = g + h for some contin-
uous, strictly concave function £.'° In the type § Bayesian persuasion prob-
lem from (4), the principal’s value function is additively more concave
when the virtual type g(6) is larger. Proposition 1 shows that this means
that a solution to a problem featuring a smaller virtual type will be more
informative (in the sense of Blackwell 1953) than a solution to a problem
with a larger virtual type. Consequently, so long as higher-cost researchers
have larger virtual types—as they do, for instance, when I has a monotone
reversed hazard rate and O is a set of consecutive integers—the monoto-
nicity constraints (5) can be safely ignored."”

ProrosITION 1 (Additive convexity and monotonicity). Suppose that
v : [0, 1] = R is additively more concave than v, : [0, 1] — R. Then for any
€ (0,1) and any solutions to the persuasion problems

7, € arg max{F,u,(p) such that E,p = p},

7eA([0,1])

7, € arg max{E,v (p) such that E.p = p},

7eA([0,1])

TT is weakly Blackwell more informative than (i.e., a mean-preserving
spread of) Tj .

In a Bayesian persuasion problem, an additively more concave value
function corresponds to a larger difference between the costs of more
and less informative experiments, as a consequence of Jensen’s inequality.
Proposition 1 shows that with two states of the world, it also leads the prob-
lem to have a less informative solution. At first glance, this conclusion
might appear to follow from Milgrom and Shannon (1994), since the ob-
jective functions F,v,(p) have the single crossing property in (7, ¢) in the
Blackwell order. But Milgrom and Shannon’s result requires quasisu-
permodularity in the choice variable 7 for each ¢ which need not hold
here. Consequently, proposition 1 must make use of the persuasion
problem’s structure in ways that are not captured by the single crossing

property.

' This differs from the usual definition of more concave (f = ¢ o g for some increasing
concave ¢). This is easiest to see when g is not strictly increasing: if g(x) = g(y) but
f(x) # f(y), then it is possible for fto be additively more concave than g (since we need
not have 7(x) = &(y)) but not more concave than g (since ¢(g(x)) = ¢(g(y)) for any ¢).
Alternatively, in the differentiable case, recall that fis more concave than gif it has a larger
Arrow-Pratt coefficient of risk aversion; in contrast, fis additively more concave than gif it
has a smaller second derivative.

1”7 To see this, write g(6;) = 0; + [(F(6;) — f(6,))/f(0:)](0; — 0:51) = 0,1 + [F(6,)/(0))]
(01 - 0i+])~
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This is accomplished by way of another comparative statics result that ex-
tends to all finite-state Bayesian persuasion problems. In the general
persuasion context, proposition 4 (see app. B) shows that when the sender’s
value function becomes additively less concave, the posteriors induced by
the optimal signal are either (a) outside of or (b) extreme points of the
convex hull of the posteriors induced by the original problem’s solution.
In the two-state setting, this implies the Blackwell ordering that I exploit
in this paper (proposition 1) and is equivalent when both experiments
have binary outcomes. In settings with more than two states, it is neither
stronger nor weaker than the Blackwell order but does rule out the possi-
bility that the Blackwell order is reversed. Proposition 4 thus formalizes
and strengthens Gentzkow and Kamenica’s (2014) observation that an ad-
ditively more concave problem cannot have a more informative solution.

The intuition for the result is as follows. Suppose that a posterior p pro-
duced by a solution to the additively less concave problem could be repre-
sented as a convex combination E}lzl)\ipi of posteriors { [7,-}7:1 produced by a
solution to the additively more concave problem. Then the additively more
concave problem’s value function v, must be no higher at p than the con-
vex combination =, \;uy(p;) of its values at the posteriors {pi}le. Other-
wise, the value of the additively more concave problem could be increased
by shifting probability from the posteriors {p,}, to p. Then this must hold
strictly for the additively less concave value function v;; thatis, we must have
SL N (i) > v (p). Hence, the value of the additively less concave prob-
lem could be increased by shifting the probability that its solution places
on pto {p}i,.

While the implications of these results for methods-based contracting
are most straightforward when the researcher’s virtual type g(0) is in-
creasing in 0, they do not require this. In general, standard ironing tech-
niques (see app. A) can be applied to the virtual types g(f) so as to sepa-
rate the principal’s problem (4) into a set of type-specific persuasion
problems whose value functions are additively more concave for larger
types. Consequently, together with the results of Kamenica and Gentzkow
(2011), proposition 1 shows that regardless of the belief distribution F
over researcher types, the principal has an optimal methods-based con-
tract. Furthermore, these results show that this contract is a member of
a particular class—one that will prove essential to the main results of this
paper. Say that an experiment choice function x: ® — X is binary if for
each 6, the support of x(0) has at most two elements, and it is Blackwell
monotone if for each 0 > 0, x(0) is amean-preserving spread of x(6'). Then
the principal’s optimal methods-based contract can be characterized as
follows:

THeEOREM 1 (Optimal methods-based contracts). The principal has
an optimal methods-based contract that implements a binary, Blackwell-
monotone experiment choice function.
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Proposition 1 also helps us understand the inefficiencies produced by
the optimal contract. Observe that the lowest cost type, 0, is the same as
its virtual type, g(0). Consequently, the principal’s type 0y value function
is simply the difference of its payoffs and the researcher’s costs, and so it
chooses x(6y) the same way it would if the researcher’s type was common
knowledge. However, for each i < N, the principal’s type 0, value function
is the difference of its payoffs and the researcher’s costs plus a strictly con-
cave function representing information rent. Thus, it chooses a less infor-
mative x(6;) than it would if it knew the researcher’s type and so did not
face the incentive compatibility constraints (IC6). These are, of course,
the standard distortions associated with screening: there is no distortion
at the top and distortion everywhere else. Here, proposition 1 tells us that
this distortion takes the form of garbling: information asymmetry results
in experiments that are not only less costly to the researcher and less valu-
able to the principal but also less valuable to any decision maker.

THEOREM 2 (Distortion from hidden information). Let (x, {*) be aso-
lution to the principal’s optimal contracting problem (1), and let (X, 7) be
a solution to the principal’s full-information optimal contracting problem
([1] without [ICO]). Then (x*, {*) exhibits

i. no distortion at the top: W(x*(0x)) — C(x*(0x),0x) = W(x(0v))
= C(x(Ox), Ox);
ii. garbling everywhere else: for each i€ {1,..,N — 1}, x*(0,) is
Blackwell-less informative than x(6;); and
iii. distortion lowers cost to the researcher and value for the princi-
pal: for each ie {1,...,N — 1}, C(x*(0,),6,) < C(x(6:),0;) and
W(x*(0:)) < W(x(6:)).

IV. Results-Based Contracting

Now that we know what kind of choice functions a principal with methods-
based contracts at its disposal will seek to implement—namely, binary,
Blackwell-monotone ones—we can ask whether choice functions in this
class are implementable using a results-based contract and, if so, whether
their expected costs to the principal will be the same." To see why they
might not be, note that replacing a direct revelation contract (x, ) with
aresults-based contract ¥ in the principal’s problem means more than just
replacing #(0) with Ey(p). It also means expanding the set of incentive
compatibility constraints: in addition to ensuring that a type 0 researcher
would prefer to perform x(0) rather than any of the experiments that
the principal has asked other types to perform, the principal must also

'8 Since the set of types is discrete, revenue equivalence need not hold—the incentive
compatibility constraints do not pin down transfers up to a constant.
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consider deviations to any experiment that might produce the same result
as one of those experiments, that is, any experiment whose support over-
laps with that of x(6') for some 0 € ®."

These global incentive constraints can be written as

x(0) € argmax{E [y (p) — Oc(p)] such that Ep = p},V 8 € ®. (8)
Much like the principal’s methods-based contracting problem, the re-
searcher’s problem in these constraints is one of Bayesian persuasion.
However, instead of requiring us to find a solution given a value function,
the results-based implementation problem is the reverse: we must find a
transfer function ¥ given solutions x. It is best understood geometrically
by building on the results of Kamenica and Gentzkow (2011).

Given a function v:S— R, define its concavification V: S — R as the
smallest concave function that is at least as large as v, that is, the upper
envelope of the convex hull of v’s graph.*” Kamenica and Gentzkow
(2011) show that the value of the persuasion problem (7) is V(f): the
concavification of its value function v evaluated at the prior. Propo-
sition 2 shows an important consequence of their characterization: an
experiment producing the pair of results {2, p} solves the problem pre-
cisely when the affine function that coincides with v at both results—the
secant line to v through (P, v(?)) and (p, v(p))—is everywhere greater
than v.

ProposITION 2 (A necessary and sufficient secant line condition).
Suppose that v: [0, 1] = R is upper semicontinuous and that p € (0, 1).
An experiment 7 that produces the pair of results supp 7* = {2, p}
solves the persuasion problem max,{E,v(p) such that E.p = p} if and
only if the secant line to v through (P, v(?)) and (p, v(p)) lies on or above
the graph of v:

v(P) + % (p — P) = v(p) for each p € [0, 1]. 9)
Intuitively, since the convex hull of a set (such as the graph of v, Gr(v))

is the intersection of all half-spaces containing that set, a point is on the
boundary of the convex hull if and only if it lies in a supporting hyper-
plane of the original set. Consequently, since it is a convex combination
of (P, v(P)) and (p, v(p)), the point (Exp, Exv(p)) is on the boundary
of the convex hull of Gr(v) if and only if the secant line through
(P, v(P)) and (p, v(p)) is a supporting hyperplane of Gr(v). In particular,

' For instance, a type 0, researcher may wish to perform an experiment that produces
positive results like those of x(0,-,) but with a greater frequency because it produces neg-
ative results like those of x(6,).

» Formally, let V(p) = sup{z| (p, z) € conv(Gr(v))}
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(Exp, Exv(p)) is on the upper boundary of Gr(v)’s convex hull—and
hence Exv(p) = V(p) = max,{E v(p) such that E;p = p,}—if and only
if the secantline through (#, v(?)) and (p, v(p)) lies on or above the graph
of v. Figure 1 illustrates.

If x is binary and Blackwell monotone, proposition 2 lets us construct
a results-based contract , that implements x. For simplicity, consider
the case where x instructs each type to conduct an informative experi-
ment, that is, supp x(6;) = {), 3} for each i.*'

The construction of y, proceeds recursively from the prior outward.
In each step, transfers are set for the results of some type 0,'s experiment
as well as those less extreme results that are still more extreme than those
of any higher-cost type; thatis, for [Y;, 3], if ¢ = 1, or Y, Y1) U (5i—1, 3, if
1> 1.2 For each of these results, the researcher is reimbursed for the
cost to type 6, of producing them, adjusted by an affine function s;(p)
whose form depends on the transfers set in the previous step. Finally,
for results stronger than those produced by any type’s experiment, pay-
ments are set the same way they were for the results of the lowest-cost re-
searcher’s experiment.

In the first step, transfers are set for the highest-cost researcher’s re-
sults as well as each less extreme result the same way that Rappoport
and Somma (2017) set compensation in their setting with a single re-
searcher type. Thatis, the affine function s, is defined so that it is tangent
to the type 0, researcher’s cost function at the prior:

%(p)
where s,(p) = =0, (po)(p — po)-

Thus, s,(p) coincides with the highest-cost researcher’s value function
Vo (p) — bie(p) on [J1,%]. Then since s (p) = 0, when we replace the
transfer £(0,) with the expected results-based transfer E, ¥, (p), the par-
ticipation constraint (IR0) binds for § = 0.

In subsequent steps, transfers are set so as to make the type 6, re-
searcher indifferent between her experiment and that of the next lowest-
cost type 8;_;. That is, for each ¢ > 1, the affine function s, is defined so
that it coincides with the type 0, researcher’s value function at the results
Ji-1 and y;-, generated by the next lowest-cost type 0,_,’s experiment:

s1(p) + Orc(p) for each p € P, 3,

(p)

where s;(p) = ¢, (Yic1) — 0:c(Qimr) +

s;(p) + 0,c(p) for each p € 2, 2:21) U (31, 3,

W 0i1) = 0ic(i)) = (s Qia) — bic(Fin))
V-1 — Jia

(p— Y1)

*' When x instructs some types not to perform an informative experiment, the proce-
dure for constructing y, proceeds identically but starts from the highest-cost type that per-
forms an informative experiment rather than the highest-cost type overall.

2 Blackwell monotonicity ensures that Y; <J,_; and y,—; <.
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o(p) o) — v
! conv(Gr(v)

FiGc. 1.—Secant lines and optimality. Left, the convex hull of v’s graph is the intersection
of all half-spaces that contain it. Note that the secant line through (2, v(#)) and (p, v(p))
is a supporting hyperplane of Gr(v). Right, the point ([(p — po)/(p — P)IP + [(po — P)/
(b~ D)Ipl(p — )/ (b~ DIo®) + [ — £)/(p — D)u(p)) is on the upper boundary of
conv(Gr (v) )—and hence coincides with (o, V() )—precisely because it lies on a supporting
hyperplane of Gr(v) that is on or above Gr(v).

This ensures that s,(p) coincides with the type 0, researcher’s value
function ¥, (p) — 0:¢(p) on [V;, Y] and [§i—1, ]. Consequently, both her
experiment x(0,) and the next lowest cost type’s experiment x(0,—,) give
her the same expected payoff, s;(p), and her upward incentive con-
straint binds: when we replace #(0) with the expected results-based trans-
fer Ey,(p), (ICH) binds for (6,0) = (6,,0,-). Since the participation
constraint (IR0) binds for 0 = 0,, this means that ¥,’s expected transfers
to a researcher who performs x(f) are pinned down the same way they
were in the methods-based contracting problem. Hence, no contract
that implements x can offer lower expected payment (and thus lower
cost to the principal) for any type’s experiment x(0).

Finally, for results more extreme than those produced by any type’s ex-
periment, ¥, is set so that the lowest-cost researcher’s value function co-
incides with the affine function Sy:

V() = sv(p) + Oyc(p) for each p € [0,Ix) U (v, 1].
Figure 2 illustrates the process of constructing the results-based contract
Y.

To see that the results-based contract ¥, satisfies the global incentive
constraints (8), first note that for each i, s,(p) is the secant line to the type 0;
researcher’s value function, ¥, (p) — 6;¢(p), through the points on its
graph corresponding to the results of her experiment. Consequently,
proposition 2 tells us that the global incentive constraint for the type 0,
researcher (8) is satisfied if and only if her value function never exceeds
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Fic. 2.—Constructing ¥, when N = 3. Top left, on [J1, 3], ¢, is the difference between
the highest-cost researcher’s posterior-specific cost (green) and the affine function s, tan-
gent to it at p, (red), so that the latter coincides with her value function (blue) there. Top
right, on [22, ))) and (j, s juz], ¥, is constructed so that the middle-cost researcher’s value func-

tion (blue) coincides with an affine function s, (red) on the closed intervals [, )] and
[31, 0] by letting ¥, be the difference of that affine function and the middle-cost research-
er’s posterior-specific cost (green). Bottom left, on [0, Ys) and (3., 1], ¥, is constructed so that
the lowest-cost researcher’s value function (blue) coincides with an affine function s; (red)
on the closed intervals [0, )o] and [3,, 1] by letting v, be the difference of that affine function
and the lowest-cost researcher’s posterior-specific cost (green). Bottom right, results-based
contract y,.

s;(p) atany result p. For those results where s5,(p) coincides with the type 6,
researcher’s value function—[)y, 3],if ¢ = 1,0r[J;, Yioi] U [Ji-1, 3], if ¢ > 1—
this is straightforward. Everywhere else, it is more subtle.

Consider that at the results y;, and J, of the type 0, researcher’s exper-
iment, the affine function s, coincides with her value function, while the
affine function s,,; coincides with the next highest-cost type 0,.,’s value
function. Since type 0,’s value function is additively more concave than
type 0,+1’s, it follows that at more extreme results, it must cave downward
relative to s, more than type 0,,,’s value function caves downward relative
to S$p41:
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si(p) = (Uu(p) = Ouc(p)) = s (p) = (¥n(p) = Oierc(p)) for each p
& (D )-

(Compare the top left and top right panels of fig. 2 on [0, );] and [, 1]).
Conversely, at less extreme results, that s, p € [}, 3], this inequality must
be reversed: type 0,’s value function must cave downward relative to s, less
than type 0,.,’s value function caves downward relative to s,.,. (Compare
the top right and bottom left panels of fig. 2 on [J,, 3].) Applying this ar-
gument recursively yields

si(p) = (Wulp) = 0ic(p)) = 511(p) = (Yulp) = Oj1¢(p))
foreach j > iand p & (J;,), (10)

si(p) = (u(p) = Oec(p)) < si(p) — (du(p) — Oic(p))
for each £ < iand p € [V, 3. (11)

Observe that (11) applies on the intervals where the higher-cost type
0,’s value function coincides with the affine function s, and hence the
left-hand side of (11) is zero. Likewise, (10) applies on the intervals
where the lower-cost type 0,.,’s value function coincides with s;,;, and
hence the right-hand side of (10) is zero. Since those intervals include
every result where the type 0, researcher’s value function does not coin-
cide with s;(p), it follows that the former is weakly smaller than the lat-
ter at each p € [0, 1]—and hence that her global incentive constraint is
satisfied.”

This construction of an implementing results-based contract ¥, is for-
malized in theorem 3.

THEOREM 3 (Results-based implementation). Any binary, Blackwell-
monotone experiment choice function x : ® — X can be implemented
with a results-based contract y,. Furthermore, this contract ¥, cannot

# It is worth noting that the reasoning used here to rule out nonlocal deviations by the
researcher has significant similarities to the logic underlying proposition 1: both rely on
the fact that, relative to the secant line through the points on its graph corresponding
to the posteriors £ and p, an additively more concave value function must cave downward
strictly less on the interval (2, p) than an additively less concave value function does. Fur-
thermore, both arguments use this fact by letting £ and p be the lowest and highest poste-
riors, respectively, in the support of an optimal experiment for the additively more concave
problem. The key difference is that proposition 1 relies on this experiment’s optimality to
ensure that the additively more concave function lies below its secant line through the
points on its graph corresponding to £ and p and hence that the additively less concave
value function lies strictly below its secant line through the points on its graph correspond-
ing to £ and p. In contrast, the argument here cannot rely on the optimality of an exper-
iment inducing ? and p in the additively more concave problem, since that is itself part of
what we wish to show. Instead, it must rely on the construction of y, itself.
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be outperformed by a methods-based contract 7: If T implements ¥,
then Eo Y, (p) < T(x(6)) for each 6 € ©.

The binary character of the experiment choice function x is not critical
to the implementation result. As long as the experiments conducted by
lower-cost types produce results at least as extreme as any of those pro-
duced by higher-cost types’ experiments, they can be implemented with
aresults-based contract: we can simply replace j; and J; with the strongest
negative and positive results, respectively, that type ;s experiment might
produce and construct ¥, as before. However, this contract would under-
perform a methods-based contract, unless the only type conducting an
experiment with more than two outcomes was the lowest-cost type. Con-
sider that if x is not binary, some type 0,’s experiment must place positive
probability on results in 2, 5&) On that interval, the type 0,,, researcher’s
value function lies below the affine function s;,, with which it coincides at
each result produced by her experiment x(0+,). Consequently, type 0,.,’s
upward incentive constraint no longer binds: she must get a strictly higher
payoff from conducting her own experiment than from conducting 0;’s.
Hence, the expected cost of this contract must be greater than the cost
of implementing x with a methods-based contract where transfers are spec-
ified by (2) and (3), and so each upward incentive constraint binds.

Blackwell monotonicity of the experiment choice function x, on the
other hand, is not only crucial to constructing the results-based contract
¥, it is required for implementation with any results-based contract: no
matter what contract the principal offers, the value function of a higher-
cost researcher will differ from that of a lower-cost researcher by a strictly
concave function of p. Then proposition 1 tells us that the experiment
chosen by the lower-cost researcher will be Blackwell more informative
than the one chosen by the higher-cost researcher. Consequently, these
experiments can match those prescribed by an experiment choice func-
tion only if that choice function is Blackwell monotone.*

THEOREM 4 (Results-based implementation requires Blackwell monoto-
nicity). If x is not Blackwell monotone, it cannot be implemented by a
results-based contract.

V. Applications

Here, I discuss how my main results can help inform our understanding
of the real-world applications considered in the introduction.

** In fact, when the choice function is not binary, Blackwell monotonicity is not enough:
proposition 4 (see app. B) can be invoked to show that for for results-based implementa-
tion to be possible, all of the results produced by a lower-cost researcher’s experiment must
be at least as extreme as any result produced by a higher-cost researcher’s experiment.
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A.  Clinical Trial Subsidies

Consider the contracts signed with Moderna (2020) and Novavax (2020a,
2020b, 2021) as part of the US Government’s Operation Warp Speed.
These are cost-plus-fixed-fee contracts: the firms are paid a fixed fee plus
reimbursement for the observable portion of their costs. Payment is ex-
plicitly contingent on methods: both contracts contain details of the trial
designs that the vaccine developers are to use.” Unobservable costs ap-
pear to have played a role in contracting: for instance, during negotia-
tions over trial protocols, Moderna behaved as if it had significant costs
that were not reimbursable under the contract, initially resisting some el-
ements of the study designs proposed by the government that it viewed as
overly burdensome (Taylor and Respaut 2020). Such costs would have
been difficult for the government to infer from the firms’ past behavior,
since at the time, Moderna had never run a stage 3 clinical trial, and
Novavax had conducted only two of them.*

If the firms’ observable costs do not reveal any of their private informa-
tion about unobservable costs, then as discussed in section II, the model
can accommodate such costs by assigning them to the principal. Under
this accounting convention, the Moderna and Novavax contracts are
both methods-based contracts, where the payment for conducting the
contracted trials is specified by the fixed fee. While neither contract con-
tains a screening mechanism, we can follow Laffont and Tirole (1993, 82)
and interpret each as the outcome of a bargaining process in which the
government screens the vaccine manufacturer on its unobservable costs.
Given this interpretation, theorem 1 gives us a sense of the way the final
contracts we observe depend on the firms’ unobservable costs, while the-
orem 2 helps us understand the distortionary impact of the firms’ private
information about those costs.

B.  Pretrial Investigations and Contingency Fees

This paper’s analysis can also shed light on the impact of private informa-
tion on contracts for legal services. When the principal is a potential plain-
tiff, such contracts often specify payment on a contingency basis, that is, as
some function of any award or settlement.”” A 2018 contract between the

* Some of these are heavily redacted, especially in the case of Moderna’s contract; there,
the least redacted descriptions of the trial designs can be found in the revised statement of
work accompanying Modification PO0003.

* See https://clinicaltrials.gov/ct2/results?term =novavax+OR+moderna&Search
=Apply&recrs=e&age_v=&gndr=~&type=&rslt=&phase=2.

*” There is a significant law and economics literature focusing on contingency fees as a
solution to agency issues between attorney and client, including private information about
attorney ability (see, e.g., Dana and Spier 1993; Rubinfeld and Scotchmer 1993). In general,
this literature does not explicitly model the attorney’s information gathering process. Hence,
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state of Georgia and outside counsel to pursue an investigation of and lit-
igation against firms in the prescription opioid market is an illustrative
(and publicly available) example (see State of Georgia 2018). This contract
explicitly specifies compensation as a function of the amount recovered
by the state, net of the attorneys’ expenses (i.e., observable costs), which
are reimbursed in full in the event that such a recovery occurs.

If we abstract away from the amount of the defendant’s liability and
think of the state of the world as its presence or absence, we can use the
following example to consider such contingency fee schedules in the con-
text of this paper. For simplicity, assume that a pretrial settlement is always
reached.” Let the amount of the settlement net of the attorney’s expenses
be a strictly increasing function o of the posterior probability that the de-
fendantis liable. Finally, adopt the accounting convention discussed in sec-
tion II that observable costs (here, attorney expenses) are assigned to the
principal.

Then the expected payment (net of observable costs) to an attorney who
accepts the contingency fee schedule ¢ and produces result pis 4 (p) = ¢
(a(p)). Accordingly, the contingency fee schedule ¢ offers the same incen-
tives for the attorney’s investigation as the results-based contract . Since
the net settlement amount is a one-to-one function of the result, we can
also take any results-based contract ¥ and find a contingency fee schedule
that gives the same incentives: choose ¢, (x) = (o '(x)). Then ¥, (p) =
¥(p) for each p, and thus ¢, incentivizes pretrial information acquisition
identically to .

It follows that in this example, the classes of contingency fee schedules
and results-based contracts are equivalent. Hence, by theorem 3, there is
no loss in this setting from using a contingency fee to motivate the attor-
ney’s investigation rather than a methods-based contract. Consequently,
theorem 1 shows how the attorney will respond to an optimal contin-
gency fee schedule, and theorem 2 reveals the ways that private informa-
tion about costs can distort her investigative decisions.

VI. Conclusion

This paper analyzes the design of incentives for flexible information ac-
quisition in a tractable screening setting. In this environment, it offers
two broad conclusions.

this example’s analysis innovates by showing that contingency fee schedules can allow clients
to optimally screen attorneys by ability in a setting with flexible information acquisition. Note
that in contrast to, e.g., Rubinfeld and Scotchmer (1993), I do not require contingency fee
schedules to be affine functions of the amount recovered from the defendant. In practice,
contingency fees are often nonlinear (see, e.g., Ohio Attorney General 2019).

* In sec. S.2 of the online appendix, I show that the same conclusions hold in a version
of this example that accounts for the possibility of going to trial.
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First, the familiar rankings from the screening literature—higher types
take higher actions, and each type takes a lower action than they would ab-
sent asymmetric information—extend to settings where those actions are
experiments and are given the Blackwell (1953) order (theorems 1 and 2).
This is true even though Blackwell informativeness is only a partial order,
and the setting does notlend itself to application of Milgrom and Shannon
(1994). In particular, asymmetric information about researcher costs not
only causes underinvestment in experimentation, it actually causes less infor-
mation to be gathered: any agent who relies on the researcher’s experiment
to make decisions is made worse off relative to the symmetric information
case.

The second conclusion concerns a key difference between an experi-
ment and other choices an agent might make: to describe an experiment,
we need to know each of'its potential outcomes, but we may be able to ob-
serve only the outcome that actually occurs. This can make it infeasible to
contract on the form of an experiment (the entire distribution 7) but fea-
sible to contract on the observed outcome of the experiment (the poste-
rior p). This adds extra incentive constraints to the contracting problem.
However, theorem 3 shows that it does not affect the problem’s solution:
any strategy for experimentation that the principal might actually want
to induce, it can induce by contracting only on the experiment’s outcome
and at the same expected cost. As a corollary, the paper’s first broad con-
clusion (theorems 1 and 2) continues to apply when only the experiment’s
result is contractible.

Appendix A
Ironing

When higher types do not correspond to higher virtual types—that is, when g
is not monotone—separating the principal’s problem (4) into type-specific
problems requires the use of ironing techniques following, for example, Myerson
(1981). Let F':[0,1] > 0@ denote the quantile function of E F'(q) =
min{f € O|F(0) > ¢}. Define R:[0,1] — R by

R(g) = _Eﬁfﬁ"'(q)g(o)f(e)’ q>0;
! 0, q=0,
and let P: [0, 1] — R denote the concavification of R. Finally, define the ironed vir-
tual type g(0) of a type 6 researcher as
P(0) — P(F(6x))
J(0x)

ProrosiTION 3 (Ironing the principal’s problem). If x*:® — X solves the
ironed problem

g(6) = _ L ie{l, .., N —1}; g(6y) =
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maxt5 By [w(p) — 2(0)(p)]] such that Eqp = o YOO, (AD)

and x*(0,) = x*(0,-,) for each i € {2,..., N} with g(6,) = g(6,), then x" solves
the principal’s reduced problem (4). Moreover, if x : ® — X solves the principal’s
reduced problem (4), then x also solves the ironed problem (Al).

Ironing results in some adjacent types being bunched—or given equal ironed
virtual types—so as to ensure that the ironed virtual types are ordered in the
same way as the researcher types they correspond to. This results in a prob-
lem (Al) that is almost equivalent to the principal’s reduced problem but can
be decomposed into separate persuasion problems for each type, with those
for larger types having Blackwell-less informative solutions.”” Lemma 1 summa-
rizes these consequences of the ironing process.

LEmMA 1 (Bunching and monotonicity in the ironed problem).

i. Higher-cost researchers have higher ironed virtual types: g(6;-1) > g(6:)
fori e {2,..., N}. Hence, if x" solves the principal’s ironed problem (Al),
and x*(6,) = x*(0.,) for each i € {2, ..., N} with g(6;) = g(6,-1), then x*
is Blackwell monotone.

ii. Bunching occurs where R is below its concavification: if P(F(6;)) >
R(F(0;)) for i € {2,..., N}, then g(6;,) = g(6:-1). Hence, there is a binary
solution x* to the principal’s ironed problem (Al) such that x*(6,) =
x*(0i=1) for any i € {2, ..., N} with P(F(6,)) > R(F(6,)).

iii. Bunching never involves the lowest-cost type: g(fy) < g(0y-1), and so
P(F(0y)) = R(F(0y)) and g(0y) = g(0x) = Ox.

Intuitively, both the ironed virtual types g(f) and the virtual types g() can be
thought of as the slopes of secant lines connecting a sequence of points on the
graph of a function—Pin the former case and Rin the latter. The ironed virtual
types are monotone because Pis concave. The virtual types, on the other hand,
may fail to be monotone if Ris not concave—and so lies below its concavification,
P—at the quantiles of their corresponding types. Where this occurs, P must be af-
fine, and so bunching must result.

Appendix B
Proofs

For a set S, let cl(S) be its closure and ri(S) be its relative interior.* For a convex
set S, let ext(S) be the set of its extreme points. For a function v: S — R, let
hypo(v) = {(s, z)|z < v(s)} be its hypograph.

* When adjacent types are bunched and have the same ironed virtual type, and there
are multiple solutions to the persuasion problem specific to that ironed virtual type, some
solutions to the ironed problem (A1) may not solve the reduced problem (4) and may even
fail to be Blackwell monotone.

% That is, its interior relative to the affine hull of S.
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Lemma 2. If 7€ A([0,1]) and supp 7 = {2, p} with P < p, then 7({P}) =
(b~ E)/(B— 1), 1{BY) = (Ep— D)/(p— D). and b < Ep < p

Proof.  Since supp = {£, 5}, we have 7({P}), ({p}) > 0, 7({L}) + 7({p}) = 1,
and Ep = r({P)P + 7({p})p. Hence, Ep = r({PHP+(1 — 1({L})p & Ep—
b=~ p) o r({P)) = (b~ Ep)/(h—P). Likewise, 7({p}) = (117
({P})) = (Ep — P)/(p — P). Since these are nonzero, we must have £ < E,p <
p. QED

LemMaA 3 (Properties of the concavification at the optimum). Let S S R” be
convex and compact, let v: S — R be upper semicontinuous, let p, € ri(S), and
let V be the concavification of v. If 7% € arg maxTEA(_g){E,v([)) such that E,p = po},
then v(p) = V(p) for all p € supp 7%, and V is affine on conv(supp 77).

Proof.  Since p, € ri(S) and Vis by definition concave, Vis superdifferentiable
at p:*' there exists x € R" such that V(p) + x- (p — ) = V(p) = v(p) for each
p € S. Then

o(p)dr* (p) = j o(p)dr*(p).  (BI)

N

Vi) = | Vw5 0= ()= |
By Kamenica and Gentzkow’s (2011) online appendix proposition 3, E«v(p) =
V(p), and each inequality in (B1) must bind.”* Then V() + x- (p — po) =
V(p) = v(p) T*-almost everywhere. Suppose that this does not hold at some
P esupp 7, and so 0> v(p) — (V(p) + x-(p — p)). Since v is upper
semicontinuous and V(p) + x- (p — p) is continuous, v(p) — (V(p) + x -
(p — po)) is upper semicontinuous. Then there exists a neighborhood Mof § such
that 0> [v(p') = (V(p) + x- (p' = p))]/2> v(p) = (V(p) + x-(p — o)) for
each p € M. Then since v(p) — (V(p) + x- (p — p)) = 0 7*-almost everywhere,
we must have 7%(M) = 0, a contradiction since p' € supp 7.

Then V(py) + x- (p — p) = V(p) = v(p) for all p € supp 7*. Now since Vis
concave and x - (p — py) is affine, V(p) — x - (p — p) is concave. Then it is also
quasiconcave, and so the wupper contour set {p|V(p) —«x-(p— p) >
V(po)} osupp 7 is convex. Then V(p) — x-(p — p) = V(pp) for each pe
conv(supp 7%); since x is a supergradient of Vat f,, this inequality must bind,
and hence Vmust be affine on conv(supp 7°). QED

Propos1TION 4 (Additive convexity and monotonicity: general case). Suppose
that § € R", that v, v, : S — R are upper semicontinuous, and that v, is additively
more concave than v,. Then for any p, € ri(S) and any solutions to the persuasion
problems

7, € arg max{E,u(p) such that E.p = p},
TeA(S)
7, € arg max{E,v (p) such that E,p = p},

TeA(S)

we have supp 7, N conv(supp 7,) € ext(conv(supp 7, )).

* See, e.g., theorem B.1.2.1 in Hiriart-Urruty and Lemaréchal 2001.

* I rely on proposition 3 in the online appendix of Kamenica and Gentzkow (2011)
rather than the concavification result from their main text because the revelation principle
argument they use there does not necessarily apply in my setting.
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Proof. Denote the concavifications of v, and v, by V;, and V,, respectively, and
let vy be the continuous, strictly concave function such that v, = v; + v,. Sup-
pose that there exists 4/ € (supp 7, N conv(supp 7,))\ext(conv(supp 7,)) <
conv(supp 7, ). Smce 7, is a Borel measure on S, supp 7, is closed in S; then since
Sis compact, supp 7, is compact, and since S € R", conv(supp 7, ) is also compact.
Then by Minkowski’s theorem (e.g., theorem A.2.3.4 in Hiriart-Urruty and
Lemaréchal 2001), since it is an element of conv(supp 7'0) 4 can be written as
a convex comblnatlon of extreme points of conv(supp 7,): there exist {,}-, C
ext(conv(supp 75)) and {\;}, € (0, 1] with =,\; = 1 such that p/ = H)\,pl.

Now recall that ext(conv(supp 7,)) € supp 7, (e.g., corollary 18.3.1 in Rock-
afellar 1997). By lemma 3, V, coincides with v, on supp 7, and is affine on
conv(supp 7,); it follows that

;”lmom) - éwom) = V() = w(p). (B2)

Since p/ & ext(conv(supp 7,)) and {p;}L-; € ext(conv(supp 7,)), we must have
P # p,ie{l,..,d}; then since wv, is strictly concave, 2 Nuva(p:) < va(p).
Hence,

Shui(p) Em zw ) > w() = ul) = u(p). (B3

Since p' € supp 7;, Vi(#') = u(#') by lemma 3. And since, by definition, V;(p) >
v (p) for each p € S,

zx Vi(p E% w(p) > w(p) = Vi),

a contradiction since V; is concave. QED

Proof of proposition 1 (additive convexity and monotonicity).”® For i € {0, 1}, let v;
be the upper semicontinuous hull of v, that is, v,(p) = max{z|(p,z) €
cl(hypo(v))}. By lemma S.4 (available online), 7 + vy = v + v, = 7. Moreover,
by lemma S.3 (available online),

€ arg max{E,9,(p) such that E,p = p},

7eA([0,1])
71 € arg max{E, (p) such that E,p = py}.

reA([0,1])
Since ‘r: is a Borel measure on [0,1], supp T: is closed in [0,1]; then since [O 1]is
a compact subset of R, so is supp 7. Then min supp TU and max supp 7, exist,
and hence conv(supp 7,) = [min supp 7, , Max supp T(,] Then by proposition 4,
supp 71 [0 min supp 7,] U [max supp 7,, 1]. Then 7'1 is a mean-preserving
spread of 7, in the sense of Machina and Pratt (1997): 7, (1) > 7 (I) for each in-
terval 7 C [0, min supp 7,) and each interval I C (max supp 7,, 1], and 7, (I) <
7, (I) for each interval I € (min supp 7,, max supp 7, ). It follows from Machina

* The proof of proposition 1 relies on two lemmas (S.3 and S.4) in the online appendix
to drop the assumption of upper semicontinuity from proposition 4. While this is not used
in theorems 1 or 2, since the persuasion problems facing the principal each have upper
semicontinuous value functions, it allows theorem 4 to rule out implementation of non-
Blackwell-monotone choice functions with any results-based contract, not just an upper
semicontinuous one.
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and Pratt’s (1997) theorem 3 that 7, isa mean-preserving spread of 7, in the usual
(stochastic dominance) sense and hence is Blackwell more informative than 7,.
QED

Proof of proposition 2 (a necessary and sufficient secant line condition).  (Onlyif ) With-
out loss, assume that p > . By lemma 3, Vis affine on conv(supp 7*) = [, p] and
coincides with v at £ and p. Then V(p) = v(P) + [(v(p) — v(£))/(p — P)](p — P)
for each p € [P, p]. Bylemma 2, p, € (P, p); then Vis differentiable at ), with deriv-
ative V'(p) = (v(p) — v(P))/(p — P). Since Vis concave and V() exists, it is the
unique superderivative of Vat o : V() + [(o(5) — v(£))/(p — DI(p — ) = V(p)
for cach p [0, 1]. Writing V() = o(8) + [(v() ~ v(£))/(p — D)(n — P) and
noting that V(p) > v(p) by definition yields (9), as desired.

(If) For any Bayes-plausible 7 € A([0, 1]), taking expectations over either side
of the secant line inequality (9) yields

Batp) < £ () + "D - p) = ey + BB g - p)
= Eso(p), )

by lemma 2, and so 7% € arg maX,eao) { £5-v(p) such that E.p = pn}. QED

’ﬁ

B2.  Methods-Based Contracting
LEmMA 4 (Reducing the principal’s problem).

i. If x : ® — X satisfies the monotonicity constraints (5) and ¢: ® — R is given
by (2) and (3), then (x, ?) satisfies (IC6) and (IR0).
ii. For any direct revelation contract (x, t) that satisfies (ICf) and (IR6),
a. Eg y[e(p)] < Egyle(p)] forall i € {2,..., N}; and
b. if 7 is derived from x according to (2) and (3), then #(8) > 1(8) for each
6 € ®; moreover, (x, ) satisfies (ICf) and (IR9).

Proof.
i. Foreach i€ {2,...,N} and £ < i, (2) and (3) yield
t(0;) — C(x(6.),0:) —(t(6:) — C(x[0:],6:))

171

= = 0501) B [e(p)] — (0 — 0:)Exoy[e(p)]

7'=‘

= 26, = 0,01) (o) [c(p)] = Evale(p)]) = 0,

j=t

(by [5]) and for each i € {1,...,N — 1} and ¢ > 4,
1(0;) — C(x(6:),6:) — (¢(6:) — C(x[6:].6.))

&

1

j=i
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(by [5]), implying (IC). From (2), ¢(6:) — C(x(6:),6:) = 0; by Jensen’s in-
equality, since ¢ is convex, E [¢(p)] = 0 for any 7 € X. Then for each i €
{1,..., N},

(by [ICO]), implying (IR0).
ii.
a. From (ICH), for each i € {2, ..., N},

01 (Exo) [c(p)] — Exe.ne(p)]) = t(6:) — t(6i-1),
0:(Eo)[c(p)] — Exonle(p)]) < (6:) — 1(0i1);
= (01 = 0:)(Eo)[c(p)] — B n[c(p)]) = 0;
& E)le(p)] = Ewole(p)] 20,

as desired.

b. Since 7is derived from (2) and (3), we have i(6;) = C(x(6:), 6:), and for
each ie{2,...,N},  U6:) = U0,-1) = 0i(Eo)[c(p)] — Exo[e(p)]) =
C(x(6,),0;) — C(x(8,-1),6:). Since (x, f) satisfies (IR9) for § = 6;, we
have ¢(6,) = C(x(6:),6:) = 1(6,). For each i € {2,..., N}, since (x, 1)
satisfies (ICO) for 6 = 6, and 6 = 0,_,, we have (0;) — t(6;-,) > C(x
(6,),6,) — C(x(6:-1),6:) = 1(6;) — i(6;i-1). Then for each j € {2,..., N},
we have

Finally, from parts iia and i, (x, 7) satisfies (IC6) and (IR6). QED

CoroLLARY 1. (x*, ) solves the principal’s problem if and only if X" solves
the reduced problem (4) and s given by (2) and (3).

Proof. By lemma 4, part ii, when solving the principal’s problem, we need only
consider (x, ?) such that x satisfies the monotonicity constraints (5) and ¢ is given
by (2) and (3). By lemma 4, part i, any x satisfies the monotonicity constraints (5)
and ¢is given by (2) and (3) also satisfies (IC0) and (IR6). It follows that replac-
ing the incentive constraints with (2), (3), and the monotonicity constraints (5),
as in the reduced problem (4), does not change the set of solutions to the prin-
cipal’s problem. QED

LemMA 5. R(F(0;)) = —0,F(6,) for each i € {1,..., N}.
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Proof. We have

R(F(6:) = _gg(el)f(ef) = <2V0/f ) (Ezf (0:)(6; — /H))

j=ilzg

f'@f(o») - (é]fwa(ei - w>)

Il
|
/N N N
= 1M

as desired. QED

LemMma 6. If P(F(6;)) > R(F(0:)), then Pis affine on [F(8,.1), F(6;—1)] if i < N
or on [F(0), F(8y-,)] if i = N

Proof.  First note that Ris upper semicontinuous: observe that /', and there-
fore R, is constant on each of the intervals (0, F(6y)] and (F(6,.1), F(6))],
i€ {l,...,N — 1}. Then since R is decreasing, for each ¢ € (0,1], we have
limsup,, R(y) = R(q); and further, lim sup, ,R(y) = R(F(0y)) <0 = R(0).

Now suppose P(F(0;)) > R(F(0,)) for i € {2, ..., N}. Since F(6;) € (0,1) and R
is upper semicontinuous, by lemma 2 and Kamenica and Gentzkow’s (2011)
propositions 3 and 4 (in their online appendix), there exists 7 € arg
max{E, R(q) such that E,¢ = F(6;)} such that supp 7 = {¢,¢'} with ¢ <
F(6;) < ¢'. Then by lemma 3, P is affine on [¢, ¢'] and coincides with R at ¢
and ¢'.

Further, if i < N, we must have ¢’ < F(0,,,), and if i = N, we must have ¢ =
Otherwise, R(q') = R(F(0;)), and since Ris decreasing, R(q") < R(F(6;)), and we
have P(F(6;)) = 7*({¢})R(¢) + 7 ({¢"})R(¢') < R(F(0,)), a contradiction.

Finally, we must have ¢’ > F(,-,): suppose instead that ¢’ < F(,—,). Then
R(¢") = R(F(0,-1)), and we have

P(F(6)) = R(q) + pr— (F(0:) — ¢)
< Rg) + S (r(0) )
_ F) - ¢ F(0i-) — F(0,) .,
- F(ez—l) — q/ R(F(ol—l)) + F(elﬂ) _ q/ R(f])

€ {2|(F(0,), z) € conv(Gr(R))},
a contradiction.
It follows that P is affine on [F(0;+,), F(8,-,)] if i < N or on [F(0), F(Oy-1)] if
i= N.QED
Proof of lemma 1 (bunching and monotonicity in the ironed problem,).

i. For i<N, we have g(0;) = —([P(F(6:)) — P(F(0:11))]/[F(6:) — F(6::1)])
and  g(6:-1) = —([P(F(0:-1)) — P(F(6:))]/[F(6:-1) — F(0,)]). Likewise, we
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ii.

il.

=

have  g(6x) = —([P(F(6)) — P(F(0))]/[F(6y) — F(0)]) and g(6y-1) =
—([P(F(0x-1)) — P(F(0x))]/[F(0x-1) — F(6x)]). In either case, since
F(0,-,) > F(0,) > F(0;+,) for i < N, and F(0y-,) > F(0y) > F(0) = 0, it fol-
lows from concavity of P that g(6,-1) > g(6,).** Now observe that the ironed
problem (Al) is separable into type-specific Bayesian persuasion problems.
Then whenever the value function in the type 0; | problem is distinct
from that in the type §, problem, it is additively more concave, since it dif-
fers by the continuous, strictly concave function (g(0;) — g(6:-1))c(p); the
rest of the claim then follows from proposition 1.

By lemma 6, g(6) = ~([P(F(6))) — P(F(0..))]/[F(6) — F(8.:)]) = ~(IP
(F(6,1)) — PF©)))/[F(B) — FO))) = g01). if i<N, or g(b)=
~([P(F(6:)) — PIFO)]/IFBy) — F(O0)]) = ~([P(F(Bx-1)) — P(F(6:))]/
[F(6x-1) — F(0y)]) = g(0x-1),if i = N.Since the ironed problem (Al) is sep-
arable into type-specific Bayesian persuasion problems, and those problems
have upper semicontinuous value functions (by continuity of H and upper
semicontinuity of w), the rest of the claim then follows from Kamenica and
Gentzkow (2011)’s proposition 4 (in their online appendix), choosing the
same solution for the type 0; and type 0, persuasion problems whenever
P(F(0:)) > R(F(6:)).

Suppose that g(f0y) = g(6v—1), and let 7 =min{ie {1,..,N}|
g(0y) = g(8,)}; then n < N — 1. If »>2, we must have g(6,) # g(6,-1),
and so by part ii, P(F(0,)) = R(F(0,)); if n =1, P(F(6,)) = P(1) =
R(1) = R(F(6,)) by definition of concavification. Now by definition
of concavification, P(0) = R(0) = 0; then we can write P(F(6,)) =
—=N.f(6,)g(6;). Then by lemma 5, we have

—~0,F(0,) = R(E(0,)) = P(F(6,)) = —X/(6)2(6)) = —F(6,)g(6x)

= 0Oy,

a contradiction since 6, > 0y-, > 0y. Then g(fy) < g(8y-); the rest follows
from part ii and the definition of g(fy) and g(6y). QED

LeEmMA 7. Let x* : ® — X be an experiment choice function.

i

If x™ solves the principal’s reduced problem (4), then

Ex [E o [w(p) = g(0)c(p)]] = Er[Ee[w(p) = g(0)c(p)]-

ii. If x™ solves the ironed problem (Al), and x*(0;) = x*(6,—,) for each

i€{2,...,N} with g(6,) = g(6;-1), then

Ep[Eeow(p) = g0)c(p)l] = Er[Eeow(p) — g(0)c(p)]]-

* See, e.g., proposition 6.1 in Hiriart-Urruty and Lemaréchal 2001.
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Proof: By definition of concavification, we must have P(F(6,)) = P(1) =
R(1) = R(F(6:)) and P(0) = R(0) = 0. Moreover, R(F(fy)) = —g(0x)f(0x),
and for each i€ {1,..,N — 1}, we have R(F(0:+1)) — R(F(0;)) = g(8,)/(6;)
For any x, we have

Er[Eyo[w(p) — 8O0)e(p)]] —Er[Evo[w(p) — g(6)c(p)]]

I
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= EV(P(F(Gz)) = R(F(6:))) (Exo) [e(P)] — Eyoe(P))- (B4)

—-

. By definition, P(g) > R(q) for each ¢ € [0, 1]. If X" solves the principal’s re-
duced problem (4), X must satisfy the monotonicity constraints (5). Then
each term of the sum in (B4) must be weakly positive; the claim follows.
Suppose that x solves the ironed problem (Al). By lemma 1, part ii, for
each i€ {2,..,N}, either g(;) = g(d-), and so by assumption
x*(0;) = x*(0;-1), or (since R(F(0;)) < P(F(0;)) by definition) R(F(6;)) =
P(F(6;)). The claim then follows from (B4). QED

=

ii.

Proof of proposition 3 (ironing the principal’s problem). Suppose that x™ solves the
ironed problem (Al); x*(0;) = x*(0i-1) for each i€ {2,...,N}, with g(6;) =
Z(0:-1); and that x solves the reduced problem (4). Then we have

Ex[Eeolo(p) = g0)c(p)]] < ElElu(p) — g(6)c(p)] (B5)
< EilE[u(p) — g(6)c(p)] (by lemma 7, part ) (B6)
< B [Eclw(p) — g(0)c(p)]] (B7)
= E [Beou(p) — g(0)c(p)]] (by lemma 7, part i)

(B8)

Hence, the expectations on the right-hand sides of (B5)—(B8) are equal. Further-
more, bylemma 1, parti, x* is Blackwell monotone and so satisfies the monotonic-
ity constraints (5). Then x* solves the reduced problem (4) (by equality of [B5]
and [B8]) and x solves the ironed problem (Al) (by equality of [B6] and [B7]).
QED

Proof of theorem 1 (optimal methods-based contracts). Bylemma 1, partii, there is a
binary x* that solves the principal’s ironed problem (Al) such that x*(6,) =
x*(0;-,) foreach i € {2, ..., N},with g(6,) = g(6.-,). Bylemma 1, parti, x™ is Black-
well monotone. By proposition 3, x™ solves the principal’s reduced problem (4).
The claim then follows immediately from corollary 1. QED
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LEmMA 8 (Reducing the principal’s full-information problem). (x, {) solves
the principal’s full-information optimal contracting problem ((1) without
(ICh) if and only if x(0) € arg max,{E,[w(p) — 0c(p)] such that E,p = p} and
{(0) = C(x(0),0) for each 0 € O.

Proof.  Clearly, at any solution (x, #) to the principal’s full-information optimal
contracting problem ([1] without [IC8]), (IRf) must bind for each 6. Otherwise,
the value of the principal’s objective can be increased by setting ¢(8) = C(x(6), 6)
for each 0. The claim then follows immediately. QED

Proof of theorem 2 (distortion from hidden information).

osition 3, corollary 1, and lemma 8.

We first show that g(6;) > 6, for each i € {1,...,N — 1}. If g(6:) = g(6.),
this follows from the definition of g(6,). Suppose g(8;) = ([P(F(0:+1)) —
PFO))/F(6)) # g(6) = (R(F(O...)) ~ R(F(B)]/f(6). Then cither
P(F(0+1)) > R(F(8,+1)) or P(F(8,))> R(F(6,)). Let n = min{j>i|
P(F(9;)) = R(F(0;))} and » = max{j <i|P(F(0;)) = R(F(0;))}; n exists
since P(F(6,)) = P(1) = R(1) = R(F(6,)) by definition of concavifi-
cation, while 7 exists since P(F(fy)) = R(F(fy)) by lemma 1, part iii. Then
we have # <7< 7% — 1. By lemma 6, Pis affine on [F(6;), F(0)]. It follows
that

i. Bylemma 1, partiii, Oy = g(fy) = g(6x); the claim then follows from prop-

=

ii.

3(0,) = _PF0,) — P(F(6:1)) _ _ P(F(6:)) — P(F(6:)) _
s F(0,) = F(6,1) F(0.) — F(6,)
_ R(F(6.)) — R(F(6,)
F(6.) — F(6,)

_ 0.1 (6.) — 0.1(6:)

CF(0) - F(0,)
(6, — 6,)F(0,)
Foy - r@,) 0

(by lemma 5)
=0, +

Then for each i€ {1,...,N — 1}, (6; — g(6,))¢(p) is a continuous and
strictly concave function of p, and so the claim follows from proposition 3,
corollary 1, lemma 8, and proposition 1.

iii. C(x*(6:),0:) < C(x(6:),0:) follows directly from part ii. Now suppose that
W0 (69) > W(K(O,). Then B [w(p) — 8,e(p)] = WO (6) — COc'(0),
0;) > W(x(0,)) — C(x(0),0;) = Exe,)[w(p) — 0;c(p)], a contradiction since
x(0) € arg max, {E,[w(p) — 0,¢(p)] such that E,p = p,} by lemma 8. QED

B3.  Results-Based Contracting

Proof of theorem 3 (resulls-based implementation). Suppose x is binary, interior, and
Blackwell monotone. Let N = min{i € {1, ..., N} |supp x(0;) # {0} }. Then since
x is binary and Blackwell monotone, for each i € {\, ..., N}, supp x(8;) = {2, %},
and bylemma 2,); <)V, < py <3y, <y foreachie {A+1,...,N}.

Now define s(p) = Av(p — ), where Ay = 6,H'(fr), and for each i € {\+
1,..., N}, define s, recursively as
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Si(p) = Si—l(li—l) + (01—1 - 01')6@1'—1) + Az([? - XH),

(521 (3=1) + (01 = 0:)e(im1)) — (521 (D) + (01 — 0:’)0(21‘—1)).

where A, = =
Yi-1 — Ji

Then define ¥, as

s(p) + 0ne(p), pe ik
Y(p) = § si(p) + bic(p), pe i) UGy Vie{h+1,..,N}h
sv(p) + Oxc(p), p€10,2y) U (G, 1].

Note that for each i € {\, ..., N}, si(p) coincides with the secant line through
Qi s (0i) = 0:¢(2)) and (3, ¥, (3:) — 0:¢(3:)): we have

50— ey + a0 = 0.0) =~ (50) = 0(2) 5() ~ 5(2)

D, (h=2) = l2) = 0c0) + 5= (p =)
= %0 — 0.c) + A(p = 3) (B9)
= s(p). (B10)

¥, is continuous.—First note that {s;}‘;\;x are linear, hence continuous. By defini-

tion, we have s;,(Y;1) + 0;c(ie1) = si21(Yi1) + 0,21¢(Vir) and s;(5i—1) + 0:c(5i-1) =
$ic1(3i=1) + 0i-1¢(31) foreach i € {\ + 1, ..., N}; since H (and thus ¢) is continu-
ous, it follows that y, is continuous.

v, satisfies the global incentive compatibility condition (8) for 0 < ,.—Since v, is up-
per semicontinuous, so is ¥, (p) — 0¢c(p) for each 6. Then by (B10) and proposition 2,
x(6,) € arg max, {E, [, (p) - 6,c(p)] such that E:p = g} £ ¥ (p) — 01e(p) < 5:(p)
for each pe ),V 1), je{N+1,..,N}, and for each p<Jy; (i) ¥, (p) —
0:c(p) < si(p) for each p € (31, %], j € {N + 1,..., N}, and for each p > yy; and
(iii) Yy (p) — O:ic(p) < si(p) for each p € M, 3. To see that part i holds, first note
that for each k € {\ + 1, ..., N}, we have

_ C@k—l) - 6(2}(—1) Sk—l@k—l) - Sk—l(zk—l)

Ak (Gk—l - Gk) +

Vi1 — D Y1 — i
Vie1) — ¢(Vu

=) =) g g, ta, (B11)
V-1 — Ji

Hence, foreach k€ {A + 1,..., N},

si(p) + 0ue(p) = s (Dmt) + (0 = 0)eQimr) + Au(p — Dur) + Oue(p)
_ . = _ V-1 — P
=0 =6 Vi1 = D <Oir) = elp) + Vi1 = Dk dzk?l))

+ Sk—l@k—l) + Ak—l(ﬁ - ZH) + 9%16@)

p=din [ 2 )
=01 —0i)| = CVk-1) — € (D
( ) -1 — D ((y ) F(P) * -1 — Vi 6( ) (Bl?)
+ 51 (p) + O e(p)
V1 — Y — Vo1 — Dhe
— (61, — 6, Vi1 V4 ( y,) — Zr-1 /4 c(uey) — V-1 Zk-1 ; )
( )% — e(Qi-1) e _pf(_w ) — e(p) (B13)

+ 51 (p) + Oure(p)-
It follows from (B13) that when p € [J},),,) forj > ior p <), forj = N,
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U(p) = Oic(p) = s5;(p) + (6, = 0:)c(p) (B14)

=50+ 2 0 =00 25 (00 -2 L
D yk 1
Y1 TP w ))

since cis convex and p <Y,y <),y < py < -1 for each k < j. Furthermore, when
pe,di)forh+1 S] < i, it follows from (B12) that

si(p) = s;(p) + (6, — 0.)c(p)
: =D Yy —
+ k:,2~+1(0k_1 - ok) (h C(}’k—l) - f(])) + H C@k—l))

(p) = bic(p)
+ EI (01 — 9}:)(% (i) = e(p) + MC@H))

k=j+1

z \bx(p) - 0ic(p)»

since ¢is convex and ), <J; < p <Y,y < py <y for each k > j. Since ¥, (p) —
O;c(p) = si(p) forp € V;,)i1) when i € {\ + 1, ..., N}, part i follows. Part ii then
follows symmetrically. For part iii, note that it follows from (B12) that for ¢ > \
and p € Dy, 3,

2 %u(p) = Oic(p),

since cis convex and J,_; <)\ < p <, <y foreach k > N\ + 1. Furthermore, by
definition, s\(p) = ¥, (p) — Orc(p) on D, ; part iii follows.

¥ satisfies the global incentive compatibility condition (8) for 0 > 0,.—Since Ep =
oo we have Egy () — 0pc(p)] = Euofsn(p)] = 0. Since x[8y] € arg max, {5 [4(7) -
Orc(p)] such that E,p = fp}, this implies E. [y, (p) — Oic(p)] <0 for each 7 € X. It
follows that for each 6 > 6y and 7 € X, E,[{,(p) — 0c(p)] <0, since E,[c(p )]
by Jensen’s inequality. Then for each 6 > 6y, since E,¢ [, (p) — 0c(p)] = 0,
have x(@) € arg max. {E,[y(p) — 0c(p)] such that E.p = p}.

If 1:© — R is derived from x according to (2) and (3), then Ego ¥, (p) = 1(0) for
each § € ©®.—We have ,(p) = c¢(p) = 0. Then for each 6 > 6, we have E [,
(p) = 0c(p)] = Y (po) — Bc(po) = 0 = t(@). Further, since Egp = p, we have
Euosla(p) = 00e(p)] = Bl ()] = Eanlo6H () (p — )] = 0, and s0
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>
I

1

By ()] = Exo[0xe(p)] = Exo [nc(p)] + 2 (0; = 0;41) Eyg [0¢(p)] = 1(6)). (B15)

j=1

For each j > N\, by lemma 2, we have

- o
L)+ =256

b/ b/

B [ (p) = ;¢(p)]

_y M _ _
TS = (5-121) + (61 = 6))c(j1) + 4,25 = 350))

[70 -
yl - yi
= ‘I/X(E]*l) -0 6(2'*1)
( — )@ =)+ (p = 2)06 — 2)
i/ 21
= ‘r”x(zfl) - 0]6(2/’1) + Aj(ﬁo - 2]’*1)'

(S/ 1(2/ 1) + (0;*1 - 0/)5(27*1) + A/(j’/ - 27*1))

Then from (B11), we have

Ey) [¢x(p) - 070(1))] = ‘LX(J]’l) - 0/*16(2/*1) + Ar’l(p“ - z/’l)
#01= 0) (c) + (e3) = e ) 22

N1) = O-e(3-1)) — (Y1) = -1e(din i
(i (3-1) ey j}? — ;‘{1( ) &) (= 25-1)

#0=0) (L + 22 ) oy o)
B8~ (9] + (s — 91 s[4 oy e 2,

= 1) — e +

Then by (B15), for all i > \, we have

-

i

Eo) ¥ ()] = Exo[0:c(p)] + 2(0; = 0;01) By [e(p)] = 1(6)),

J=1

as desired.

¥, cannot be outperformed by a methods-based contract that implements x.—If Timple-
ments x, then by the revelation principle, so does the direct revelation contract
(x, t) with ¢(6) = T(x(#)). By lemma 4, part iib, we have E,(p) = i(6) <
(6) = T(x(0)). QED

Proof of theorem 4 (resulls-based implementation requires Blackwell monotonicity).
Suppose that x is not Blackwell monotone. Then for some 0,60 € ® with § > ¢,
x(6) is not a mean-preserving spread of x(0). Now for any y, ¥(p) — 0'¢c(p) +
(0 = 0)c(p) = Y(p) — 0c(p); since cis strictly convex, (8" — 0)c(p) is a strictly con-
cave function. Then by proposition 1, if x(6) solves the type 6 researcher’s prob-
lem max, {E, [{(p) — 0¢(p)] such that E,p = p,} for some ¢, x(6') cannot solve the
type 6 researcher’s problem max, {E,[{/(p) — 0'c(p)] such that E,p = p,} for that
. It follows that no results-based contract ¥ can implement x. QED
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